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ABSTRACT
In this paper closed string emission and open string pair production from the rolling
light-like tachyon solution are calculated in subcritical string theory with a linear dilaton.
The rolling light-like tachyon represents the inhomogeneous decay of unstable D-brane.
The decay rate is given by the imaginary part of annulus diagram which is calculated via
the boundary state/σ-model method. It is found that the decay rate is finite in the open
string ultraviolet region and depends on tachyon profile in the open string infrared region.
1
1 Introduction
It is of great interest to understand the dynamical process of string theory. One of the
most efficient ways to generate time dependent configurations in string theory is to con-
sider the decay of unstable D-branes. In Bosonic string theory Dp-branes are unstable due
to the existence of the tachyon state in the open string spectrum. Tachyon condensation
is pictured as a tachyon field rolling down a potential, towards a stable minimum, which
is the closed string vacuum [1]. The open string tachyon condensation, initiated by Sen
[2]-[4], has been intensively studied in the past decade. For a comprehensive review of open
string tachyon dynamics, see [5].
Until now the time-like tachyon rolling process is quite well-studied with the help of
boundary state/σ-model method. This method is based on the well-known correspondence
between classical solutions of equations of motion of string theory and two dimensional
conformal field theories. The classical picture of D-brane decay in which the string cou-
pling constant is strictly vanishing, shows that the late time evolution of the tachyon leads
to a pressureless fluid which is called “tachyon matter”. This seems strange because if
the tachyon fully condenses, the D-brane should disappear and there should be no open
string excitations. All excitations should be described in terms of closed string. In order
to answer the question whether the tachyon matter is closed string in disguise or a new
degree of freedom, it is natural to consider the D-brane decay with the nonvanishing string
coupling constant [6] [7]. The D-brane with a rolling tachyon acts as a linear source, a
tadpole, for each closed string mode. The radiation can be captured by one point function
of the closed string vertex operator on the disc. Detailed calculations demonstrate that the
energy of emitted radiation from unstable Dp-brane diverges for p = 0, 1, 2, and is formally
finite for p > 2. When considering the closed string emission rate in Bosonic string theory,
authors of [7] found a Hagedorn-like divergence which was argued to lead to the breakdown
of perturbation theory. Thus we avoid the direct confrontation with tachyon matter. It
was further suggested [7] [8] that the tachyon matter might be composed of highly massive
closed strings. Subsequently when the above analysis was generalized to the subcritical
string theory with a space-like linear dilaton [9], some interesting results were obtained.
The expression for closed string radiation is finite. In this setting perturbation theory does
not seem to break down, and the tachyon matter drifts into the weak coupling region. Thus
the tachyon matter puzzle seems to reappear. More general background was discussed in
[10].
Most of the developments described above are based on time-like tachyon profile, which
only depends on the time direction1. On the other hand, light-like tachyon solution was
constructed in [13] [14] in the context of closed string tachyon condensation. Some as-
pects of light-like tachyon condensation were analyzed in frame of open string field theory
[15]. Compared with time-like tachyon profile, light-like tachyon is more physical since for
1For inhomogenous tachyon condensation, see [11] [12].
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tachyon m2 = −1 + ~k2, all wave lengths play some role in the brane decay process. In
this paper, D-brane decay process with the light-like tachyon turned on is analyzed. The
worldsheet partition function for unstable D-brane decay is calculated. As a result of opti-
cal theorem, the imaginary part of the partition function is interpreted as the closed string
emission which is consistent with open string pair production. This paper is organized
as follows. In section 2, we review some facts about string theory in the linear dilaton
background. In section 3, we compute the annulus diagram via boundary state/σ-model
method, and also analyze the asymptotic behavior of the imaginary part of the annulus
diagram in some region of the parameter space. In section 4, we calculate the open string
pair production and analyze its asymptotic behavior. In appendix A, we compute closed
string emission in the process of light-like tachyon condensation in some region of the pa-
rameter space. In appendix B, we give the detailed calculation of exact bulk one-point
function.
2 Strings in linear dilaton background
String theory in flat space with a linear dilaton Φ = VµX
µ is based on the action [16]
SLD =
1
4πα′
∫
Σ
d2σ
√
g(gαβ∂αX
µ∂βXµ + α
′RVµXµ) + 1
2π
∫
∂Σ
dsKVµX
µ (2.1)
where gαβ is the intrinsic worldsheet metric in Euclidean signature, R is the Ricci scalar of
worldsheet Σ, and K is the extrinsic curvature of boundary ∂Σ. With the diffeomophism
and Weyl invariance fixed (assuming the central charge to be zero after the inclusion
of ghost sector), the metric can be set to the canonical form ds2 = dzdz¯. The energy
momentum tensor from action (2.1) is given2
T (z) = − : ∂Xµ∂Xµ : +Vµ∂2Xµ (2.2)
T (z¯) = − : ∂¯Xµ∂¯Xµ : +Vµ∂¯2Xµ (2.3)
The corresponding Virasoro generators are modified to be
Lmatterm =
1
2
∞∑
n=−∞
: αµm−nαµn : +
i√
2
(m+ 1)V µαµm (2.4)
The central charge becomes c = c˜ = D + 6V 2 = 26, where D is the number of spacetime
dimensions and V 2 = VµV
µ. From the operator product expansion with energy momentum
tensor, conformal weight of all primary operators can be determined. For example, the
weight of bulk operator : eikX(z,z¯) : is
h =
k2
4
+ i
V µkµ
2
(2.5)
2From here on, we take the convention α′ = 1.
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and the weight of boundary operator ⋆
⋆
eikX(y) ⋆
⋆
is
h = k2 + ikµV
µ (2.6)
The on-shell condition for closed strings is
Lclosed0 | phys >= (
P 2
4
+N +
i
2
VµP
µ − 1) | phys >= 0 (2.7)
which gives the physical state condition for bulk operators. The on-shell condition for open
strings is
Lopen0 | phys >= (P 2 +N + iVµP µ − 1) | phys >= 0 (2.8)
which gives the physical state condition for boundary operators. Then for the open string
light-like tachyon profile T = exp bX+, the corresponding vertex operator gives the world-
sheet boundary interaction
Sint =
λ
2π
∫
∂Σ
dsebX
+
(2.9)
which describes the unstable brane at early X+ and then decays. The physical condition
for open string tachyon state gives bV + = 1 which is just the marginal condition for the
boundary interaction induced by the tachyon vertex operator. In order to avoid the force
on the brane, dilaton gradient is required to point along the unstable brane. We will work
in the light-cone coordinate
X± =
1√
2
(X0 ±X1) (2.10)
ds2 = −2dX+dX− + dX22 + ...+ dX2D−1 (2.11)
About the path integral formulism in linear dilaton background, there is a systematic review
in the appendix of [17]. For later convenience, we will review some known results of the
path integral formulism in the linear dilaton background. The linear dilaton background
modifies the correlation functions in two ways. First, it changes the worldsheet boundary
condition for the open string. When we derive the equations of motion from action (2.1),
the surface term from variation gives
(∂nX
µ +KV µ) δXµ = 0 on ∂Σ (2.12)
where n is the normal vector to the boundary ∂Σ. Second, it modifies the momentum
conservation law. Consider the simplest boundary correlators
〈eik1X(y1)eik2X(y2)...eiknX(yn)〉Σ = iCXΣ (2π)DδD(Σkµi + iχΣV µ)
∏
1≤i<j≤n
|yi − yj|2kikj (2.13)
where CXΣ is some constant
CXΣ =
(∫
Σ
d2σg1/2
)D/2(
det′
−∇2
4π2
)−D/2
(2.14)
and χΣ is the Euler character of the worldsheet Σ
χΣ =
1
2π
∫
∂Σ
dsK +
1
4π
∫
Σ
d2σg1/2R . (2.15)
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3 Closed string emission
In this section, we discuss the D-brane decay process in linear dilaton background. We
will compute the partition function in closed string channel, extract its imaginary part and
discuss the various divergences in some limit.
3.1 Partition function
The open string partition function in closed string channel can be written as
Z(q˜) = 〈B|q˜L0−D−224 |B〉 (3.1)
where 〈B| is the boundary state which is a closed string state of ghost number 3, and has
the following property. Given a closed string state |V 〉 and the associated vertex operator
V , the BPZ inner product 〈B|V 〉 is given by one-point function of V inserted at the center
of a unit disc D, the boundary condition on ∂D being the one associated with the particular
boundary CFT under consideration:
〈B|V 〉 ∝ 〈V (0)〉D (3.2)
The expression (3.1) can be factorized into light-cone directions part and space-like di-
rections part. We will first study the light-cone directions part in detail. Following the
procedure to Liouville partition function [18], we can write down the light-cone directions
partition function
Z±(q˜) = 〈B±|q˜L0−D−224 |B±〉 (3.3)
where 〈B±| is the boundary state of X± directions. From the boundary state definition
specified above 〈B±| can be written as
〈B±| =
∫∞
0
dω
2pi
dω′
2pi
U(ω, ω′)〈ω| ⊗ 〈ω′| (3.4)
where 〈ω| and 〈ω′| are the so called Ishibashi states [19]. U(ω, ω′) is the one point function
of eα+X
++α−X− on the disc. The operator eα+X
++α−X− should be dressed, so α+ = V+− iω
and α− = V− − iω′. Combining (3.3) and (3.4), we have
Z±(q˜) =
∫
dω
2π
dω′
2π
|U(α+, α−)|2χα+(q˜)χα−(q˜) (3.5)
where χαµ is the character
χαµ(q) = η
−1(q) q
(αµ−Vµ)2
4 (3.6)
Closed string channel parameter q˜ and open string channel parameter q are defined as
q˜ = exp(−2πi/τ) = e−4t (3.7)
q = exp(2πiτ) = e−
π2
t (3.8)
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About the calculation of one point function U(α+, α−), we will use the technique proposed
in [15] to carry out the integral. In order to deal with the boundary term, Hellerman
and Schnabl fix the value of zero mode xµ of the embedding coordinate Xµ as a degree
of freedom in the boundary state wave-function. From path integral point of view, this
amounts to fixing
xµ ≡ xµboundary ≡
1
2π
∫
∂D
dsXµ (3.9)
In our case, we will take V+ = 0 for convenience. Thus we do not need to fix the zero mode
of X+. About directions whose zero modes are fixed, the propagator is modified
〈Xµ(z, z¯)Xν(z′, z¯′)〉 = xµxν + ηµνP (z, z¯; z′, z¯′) (3.10)
where
P (z, z¯; z′, z¯′) = −1
2
[
ln |z − z′|2 + ln |1− zz¯′|2] (3.11)
on the unit disc. Before continuing our discussion, we should make a clarification on two
kinds of normal-orderings. The bulk normal-ordering, denoted here by : :, subtracts only
the first logarithm in (3.11) which is
: Xµ(z, z¯)Xν(z, z¯′) :≡ Xµ(z, z¯)Xν(z′, z¯′) + 1
2
ηµν ln |z − z′|2 (3.12)
The boundary normal-ordering, denoted here by ⋆
⋆
⋆
⋆
, subtracts the full propagator (3.11)
which is
⋆
⋆
Xµ(z, z¯)Xν(z, z¯′) ⋆
⋆
≡ Xµ(z, z¯)Xν(z, z¯′) + 1
2
ηµν [ln |z − z′|2 + ln |1− zz¯′|2] (3.13)
In the following, we will calculate the one-point function of the closed string vertex operator
Vα+,α− = e
α+X++α−X− on a unit disc D. Since zero mode of X+ direction is not fixed, the
one-point function can be written as
〈Vα+,α−〉 =
∫
dx+dx−DXˆ+DXˆ−δ
(
x− − 1
2π
∫
∂D
dsX−
)
e−S
±
eα+X
++α−X− (3.14)
where
S± = − 1
2π
∫
D
d2σ
√
ggαβ∂αX
+∂βX
− +
1
2π
∫
∂D
ds(V−X− + λebX
+
) (3.15)
We can perform the perturbative expansion of the one-point function (3.14) which gives
〈Vα+,α−〉 =
∫
dx+
∞∑
n=0
(−λ)n
n!
(
n∏
i=1
∫ 2pi
0
dti
2π
)
〈: eα+X++α−X−(z, z¯) :
n∏
i=1
⋆
⋆
ebX
+[ωi(ti)] ⋆
⋆
〉LD
(3.16)
where the brackets on the right hand side represent the expectation value as calculated
in the linear dilaton background. After the vertex operator is placed at the origin, the
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one-point function can be carried out from (3.16)
U(α+, α−) =
∞∑
n=0
(−λ)n
n!
∫ +∞
−∞
dx+ exp
[
(α+ − V+)x+ + (α− − V−)x− + nbx+
]
=
λ
iω
b
b
e−iω
′x−Γ(−iω
b
) (3.17)
and we obtain
|U(α+, α−)|2 = π
bω sinh piω
b
(3.18)
From formula (3.18), we find that |U(α+, α−)|2 only contains information from X+ direc-
tion. X− which decouples from X+ direction, has the same form |U |2 as other directions,
whose partition function can be calculated via the standard method. Now we only need to
calculate the partition function of X+ direction, which can be written as
Z+(q˜) =
∫
dω
2π
|U(α+, α−)|2χα+(q˜) (3.19)
The oscillating closed string characters can be expressed as a modular transformation of
non-oscillating open string characters [9]3
χα+(q˜) =
√
2
∫ +∞
−∞
dν cosh(2πων)χα′+(q) (3.20)
where α′+ = 2ν + iV+. Using equation (3.20), X
+ direction partition function becomes
Z+(q˜) =
√
2
∫ +∞
−∞
dωdν
cosh(2πων)
2ωb sinh ω
b
χα′+(q) (3.21)
This expression has a double pole at ω = 0, which can be regulated by a subtraction
following the procedure of [18] [9]
Z+(q˜) =
√
2
∫ +∞
−∞
dωdν
(
cosh(2πων)
2ωb sinh ω
b
− 1
2ω2
)
χα′+(q) (3.22)
It is hard for us to carry out this integral and we will analyze this integral in some limit
in the following. In the limit as b → 0 and bω → 0, the integral (3.22) can be expressed
from the result of [9] as
Z+(q˜) = 2
√
2πiη−1(q)
∞∑
n,m=0
e−[(n+
1
2
)b+(m+ 1
2
)/b]2 π
2
t (3.23)
3We would like to thank the authors of [9] for explaining the details on this point.
7
Notice the formula (3.23) is valid only if the limits b → 0 and bω → 0 are taken on both
sides. We will not emphasize this point in the following formulas and conclusions. The
other part of partition function is
ZX
−+Xi+bc = Vp
∫
dD−1−pk⊥
(2π)D−1−p
q˜
k2⊥
4 η3−D(q˜)
=
N−2p Vp
2
√
2πt
∫
dpk‖
(2π)p
qk
2
‖η3−D(q) (3.24)
where Np is the normalization of the boundary state
Np = πD−44 (2π)D−24 −p (3.25)
Putting them together, we have
Z(q) = N 2pZX
−+Xi+bcZ+
=
iVp
t
∞∑
n,m=0
∫
dpk‖
(2π)p
qk
2
‖η2−D(q)e−[(n+
1
2
)b+(m+ 1
2
)/b]2 π
2
t (3.26)
The imaginary part is
ImZ(q) =
∞∑
n,m=0
Vp
t
(
t
4π3
) p
2
η2−D(q)e−[(n+
1
2
)b+(m+ 1
2
)/b]2 π
2
t (3.27)
Though our main results (3.26) and (3.27) are only valid in the limit specified above, we
can analyze its asymptotic behaviors and get some interesting results.
3.2 Closed string radiation and its divergences
Performing a modular transform on (3.27) and integrating over s = π2/t, we have
ImZ = Im
∫
dsZ
(
is
2π
)
= Vp
∞∑
n,m=0
∫ ∞
0
ds
s
η2−D( is
2pi
)
(4πs)
p
2
e−[(n+
1
2
)b+(m+ 1
2
)/b]2s (3.28)
Closed string radiation was computed in [7] [9] in time-like tachyon condensation process.
In appendix A, we extend the computation to light-like tachyon condensation process. As a
result, we can interpret the imaginary part of annulus diagram as the average total number
of closed string emission which can be expressed as
ImZ = N¯ (3.29)
where N¯ is the average total number of closed string emission.
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We will analyze the potential divergence of (3.28) for open string IR divergence (large
s) and UV divergence (small s). In the open string IR region, or equivalently s→∞ limit,
η( is
2pi
) has the following asymptotic behavior
η(
is
2π
) ∼ exp(− s
24
) (3.30)
from which we have
ImZ ∼ Vp
∫ ∞ ds
s
1
(4πs)
p
2
exp
(
− s
4b2
+
D − 2
24
s
)
(3.31)
The exponent is negative as long as b < 1√
4−V 2 which can be obtained with the help of
D + 6V 2 = 26. In our setup, V 2 > 0 since we have set V + = 0 for convenience and we
have taken the limit b→ 0. Combining the above conditions we have b < 1√
4−V 2 and there
is no IR divergence. About open string UV region, or equivalently s→ 0 limit, η( is
2pi
) has
the following asymptotic behavior
η(
is
2π
)2−D = (
s
2π
)
D−2
2 exp[
(D − 2)π2
6s
]
(
1 + (D − 2) exp(−4π
2
s
) + ...
)
(3.32)
where the ellipsis represents the high order term in s−1. From the asymptotic behavior
(3.32) we have
ImZ ∼ Vp
∞∑
n,m=0
∫
0
ds
s
1
(4πs)
p
2
(
s
2π
)
D−2
2
[
e
D−2
6s
pi2 + (D − 2)eD−266s pi2 + ...
]
e−[(n+
1
2
)b+(m+ 1
2
)/b]2s
(3.33)
The first term is from closed string tachyon which is uninteresting. Hence for D < 26,
there is no UV divergence in open string channel as well.
4 Open string pair production
In this section, open string pair production in a linear dilaton background is calculated
and its asymptotic behavior is analyzed.
In the process of unstable D-brane decay, in general there will be open string pair
production on the brane because the hamiltonian of the system is time dependent. Some
aspects of open string pair production on unstable brane have been discussed in [20] [21]
[9]. Open string pair production behavior implies that the in and out vacua are not the
same. The vacuum decay amplitude is
W = −Re ln〈out|in〉 (4.1)
where the in and out vacuum are defined as
ain|in〉 = 0 = aout|out〉 (4.2)
9
Following the discussion of [9], we will work in an approximation in which the open string
propagates freely on the brane so that amplitude (4.1) is a one loop computation. The in
and out vacuum are related by Bogoliubov transformation
|out〉 =
∏
k‖
(1− |γk‖|2)1/4e
− 1
2
γ∗k‖
(ain†
k‖
)2 |in〉 (4.3)
Using this relation, the vacuum decay amplitude can be written as
W
Vp
= −1
4
∑
N
∫
dpk‖
(2π)p
ln(1− |γk‖|2) (4.4)
where γk‖ is the Bogoliubov coefficient and k‖ is open string longitudinal spatial momentum
which satisfies
ω2 = k2‖ +N −
D − 2
24
(4.5)
It is conjectured [22] that the Bogoliubov coefficient γ is related to the boundary two point
function of dressed open string operators. At large ω,
|γω|2 ∼
∣∣∣∣d(ω + iV+2 )
∣∣∣∣
2
(4.6)
In order to calculate the boundary two point function of operator e−iωX
++V+X+ , we fix the
zero modes of X i and X−, and set V+ = 0 for convenience. The two point function can be
carried out
〈e−iωX+(z,z¯)e−iωX+(z′,z¯′)〉 ∼ λ
2iω
b
b
exp(V−x−)Γ(
−2iω
b
) (4.7)
The norm of two point function
|d(ω)|2 ∼ π exp(2V−x
−)
2bω sinh(2piω
b
)
(4.8)
We would like to find the asymptotic behavior of (4.4) and (4.8) for large ω. It follows that
|d(ω)|2 ∼ ω−1e− 2πωb +O(ω0) (4.9)
The vacuum decay amplitude becomes
W
Vp
∼
∑
N
∫
dpk‖e
− 2πω
b ∼
∫
dωe2piω(
√
D−2
6
− 1
b
) (4.10)
The above exponent which describes the production of highly massive open string has the
similar divergent behavior as (3.31) which can be interpreted as the production of highly
massive closed string. For b <
√
6
D−2 , there is no divergence in (4.10), and for b >
√
6
D−2 ,
there will be divergence in (4.10). Since D + 6V 2 = 26, the above open string asymptotic
behavior is consistent with the asymptotic behavior (3.31) in the closed string channel.
While in deriving the asymptotic behavior (3.31), we do need to take the limit b → 0 as
well as bω → 0. Hence from the above consistence, it is natural to expect the result (3.31)
to extend beyond the limit b→ 0 and bω → 0.
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5 Conclusion
In this paper we discuss the closed string emission from the light-like tachyon condensation
process which represents the inhomogeneous decay of unstable D-brane. We calculate
the worldsheet partition function in closed string channel using the boundary state/σ-
model method. In some region of parameter space, we find that the D-brane decay rate
is finite in open string UV region and depends on tachyon profile in the open string IR
region. Our conclusion about closed string emission is based on the limit where b→ 0 and
bω → 0, it is interesting to carry out the imaginary part of partition function beyond this
limit. We also compute the open string pair production which has the similar asymptotic
behavior as the closed string radiation. The underlying conformal field theory of light-like
tachyon condensation is some cousin of boundary Toda theory which has richer content
than Liouville theory. However boundary Toda theory has not been well explored and
needs to be paid more attention in the future.
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A Closed string emission
Closed string radiation was computed in [7] [9] in time-like tachyon condensation process.
In this appendix, we extend the computation to light-like tachyon condensation process.
With a rolling tachyon the D-bane acts as a time-dependent source for closed string modes.
If we ignored the interactions between closed strings created during the brane decay pro-
cess, the question then reduces to such a problem of free particles production by a time-
dependent source. The created state is a coherent state. Schematically, if a† is the creation
operator for a physical closed string mode, then the closed string state at late times is
|α〉 = e− |α|
2
2 eαa
† |0〉 (A.1)
where α is essentially the one-point amplitude of the closed mode on the disk. More
precisely,
√
2E α = Np〈V 〉disk (A.2)
where E is the spacetime energy of the state and V is the corresponding on-shell vertex
operator. Np is the normalization factor (3.25). From the spectrum of string theory in
linear dilaton background [24], the full vertex operator for on-shell closed string state can
be set to
〈V 〉disk = 〈eα+X++α−X−〉±〈Vsp〉sp (A.3)
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where 〈Vsp〉sp just gives a phase which is irrelevant for our computations. The total average
number of particles emitted can be written as
N¯
Vp
= N 2p
∑
s
1
2Es
|U(α±)|2 (A.4)
where the sum runs over all physical closed string states and Es is the closed string on-shell
energy given by
E2s = k
2
⊥ + 4(N −
D − 2
24
) (A.5)
where D is the dimension of space-time and D = 26− 6V 2. U(α±) is defined as
U(α±) = 〈eα+X++α−X−〉± (A.6)
From (3.18) we can rewrite U(α±) as
|U(α±)|2 = lim
b→0,bω→0
∞∑
n,m=0
4π2e−2piE[(n+
1
2
)b+(m+ 1
2
)/b] (A.7)
With these formulae in hand, we can rewrite equation (A.4) in open string channel as
N¯
Vp
= lim
b→0
∞∑
n,m=0
∫ ∞
0
ds
s
η2−D( is
2pi
)
(4πs)
p
2
e−[(n+
1
2
)b+(m+ 1
2
)/b]2s (A.8)
B Exact bulk one-point function
When we calculate open string partition function in section 3, we mainly focus on a two-
dimensional conformal field theory whose action is
S± = − 1
2π
∫
Σ
d2σ
√
ggαβ∂αX
+∂βX
− +
λ
2π
∫
∂Σ
dsebX
+
(B.1)
The X correlator on the unit disc is
〈Xµ(z, z¯)Xν(z′, z¯′)〉 = −η
µν
2
[
ln |z − z′|2 + ln |1− zz¯′|2]) (B.2)
where µ, ν = +,− and the nonvanishing components η+− = η−+ = −1. The action (B.1)
can be rewritten as
S± = − 1
4π
∫
Σ
d2σ
√
ggαβ
(
∂αX
0∂βX
0 − ∂αX1∂βX1
)
+
λ
2π
∫
∂Σ
dse
b√
2
(X0+X1)
(B.3)
This conformal field theory is some cousin of boundary Toda theory which has not been
well explored. In the subsection 3.1, we use the trick of Hellerman and Schnabl [15] to carry
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out an approximate calculation of bulk one-point function in which we fix the zero mode
of field X rather than integrate it out. In this appendix, we intend to calculate the bulk
one-point function exactly. Though the exact bulk one-point function is too complicated
to be used in the brane decay calculation, it is heuristic and has its own right in conformal
field theory. Following the procedure of [23] [22], we will calculate the one-point function
of closed string vertex operator V = eα+X
++α−X− on the unit disc where α+ = V+ − iω
and α− = V− − iω′. We decompose X = x+ Xˆ where x is the zero mode of X , and Xˆ is
the oscillation part of X . Under this decomposition, the one-point function on the up half
plane becomes
〈V 〉 = ∫ dx+dx−DXˆ+DXˆ−e 12π ∫Σ d2z(∂Xˆ+∂¯Xˆ−+∂Xˆ−∂¯Xˆ+)−λebx+2π ∫∂Σ dtebXˆ+
×eα+x++α−x−+α+Xˆ++α−Xˆ− (B.4)
After the zero modes are integrated out, (B.4) becomes
〈V 〉 = 2πδ(−iα−)(
λ
2pi
)−
α+
b Γ(α+
b
)
b
〈eα+Xˆ++α−Xˆ−(z, z¯)
n∏
i=1
∫
dtie
bXˆ+(ti)〉F (B.5)
=
2πδ(−iα−)( λ2pi )−
α+
b Γ(α+
b
)
b
|z − z¯|α+α−
n∏
i=1
∫
dti|z − ti|bα−|z¯ − ti|bα− (B.6)
where the subscript F represents that the vacuum expectation value is calculated for the
free part of the action. About the formula (B.5), we have supposed −α+
b
= n to be some
integer, and the general correlator is then obtained by analytic continuation in n. In order
to calculate the integral, we transform the coordinate from the up half plane to the unit
disc by conformal transformation
ω =
t− z
t− z¯ ; t =
ωz¯ − z
ω − 1 (B.7)
In the unit disc coordinate, the one-point function of closed string vertex operator becomes
〈V 〉 = 2πδ(−iα−)(
λ
2pi
)−
α+
b Γ(α+
b
)
b
|z − z¯|α+α−
n∏
i=1
∫
dωi
(z − z¯)|z − z¯|2bα−
(ωi − 1)2|ωi − 1|2bα−
(B.8)
The integration part can be calculated directly and gives
〈V 〉 = 2πδ(−iα−)Γ(
α+
b
)
b
(
λΓ(1 + 2iω′b)
(1 + 2iω′b)Γ(1 + iω′b)Γ(iω′b)
)−α+
b
|z − z¯|−α+b −α+α−
(B.9)
As a result the exact bulk one-point function is
U(α) =
2πδ(−iα−)Γ(α+b )
b
(
λΓ(1 + 2iω′b)
(1 + 2iω′b)Γ(1 + iω′b)Γ(iω′b)
)−α+
b
(B.10)
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ABSTRACT
In this paper closed string emission and open string pair production from the light-
like rolling tachyon solution are calculated in subcritical string theory in the background
of a linear dilaton. The rolling light-like tachyon represents the inhomogeneous decay of
unstable D-brane. The decay rate is given by the imaginary part of annulus diagram which
can be calculated using the boundary state/σ-model method. It is found that the decay
rate is finite in the open string ultraviolet region and depends on tachyon profile in the
open string infrared region.
1
1 Introduction
It is of great interest to understand the dynamical process of string theory. One of the most
efficient ways to generate time dependent configurations in string theory is to consider the
decay of unstable D-branes. In Bosonic string theory Dp-branes are unstable due to the
existence of the tachyon in the open string spectrum. Tachyon condensation is pictured
as a tachyon field rolling down a potential towards a stable minimum which is the closed
string vacuum [1]. The open string tachyon condensation, initiated by Sen [2]-[4], has been
intensively studied in the past decade. For a comprehensive review of open string tachyon
dynamics, see [5].
Until now the process of time-like tachyon condensation is quite well-studied with the
help of boundary state/σ-model method. This method is based on the well-known cor-
respondence between classical solutions of equations of motion for string theory and two
dimensional conformal field theories. The classical picture of D-brane decay in which the
string coupling constant is strictly vanishing, shows that the late time evolution of the
tachyon leads to a pressureless fluid which is called “tachyon matter”. This seems strange
because if the tachyon fully condenses, the D-brane should disappear and there should be
no open string excitations. All excitations should be described in terms of closed string.
In order to answer the question whether the tachyon matter is closed string in disguise or
a new degree of freedom, it is natural to consider the D-brane decay with the nonvanishing
string coupling constant [6] [7]. The D-brane with a rolling tachyon acts as a linear source,
a tadpole, for each closed string mode. The radiation can be captured by one point function
of the closed string vertex operator on the disc. Detailed calculations demonstrate that the
energy of emitted radiation from unstable Dp-brane diverges for p = 0, 1, 2, and is formally
finite for p > 2. When considering the closed string emission rate in Bosonic string theory,
authors of [7] found a Hagedorn-like divergence which was argued to lead to the breakdown
of perturbation theory. Thus we avoid the direct confrontation with tachyon matter. It
was further suggested [7] [8] that the tachyon matter might be composed of highly massive
closed strings. Subsequently when the above analysis was generalized to the subcritical
string theory in a space-like linear dilaton background [9], some interesting results were
obtained. The expression for closed string radiation is finite. In this setting perturbation
theory does not seem to break down, and the tachyon matter drifts into the weak coupling
region. Thus the tachyon matter puzzle seems to reappear. More general background was
discussed in [10].
Most of the developments described above are based on time-like tachyon profile, which
only depends on the time direction1. On the other hand, light-like tachyon solution was
constructed in [13] [14] in the context of closed string tachyon condensation. Some as-
pects of light-like tachyon condensation were analyzed in the framework of open string
field theory [15]. Compared with time-like tachyon profile, light-like tachyon is more phys-
1For inhomogenous tachyon condensation, see [11] [12].
2
ically relevant since for the tachyon profile with spatial momentum ~k and effective mass
m2 = −1+~k2, all wave lengths play some role in the brane decay process. Light-like tachyon
condensation describes inhomogeneous decay of unstable D-brane which is a more general
process than homogenous decay of unstable D-brane described by time-like tachyon con-
densation. In this paper, the light-like tachyon condensation is analyzed. The worldsheet
partition function for unstable D-brane decay is calculated. As a result of optical theorem,
the imaginary part of the partition function is interpreted as the closed string emission
which is consistent with open string pair production. This paper is organized as follows.
In section 2, we review some facts about string theory in the linear dilaton background.
In section 3, we compute the annulus diagram using boundary state/σ-model method, and
also analyze the asymptotic behavior of the imaginary part of the annulus diagram in some
region of the parameter space. In section 4, we calculate the open string pair production
and analyze its asymptotic behavior. In appendix A, we perform the detailed calculation
of exact bulk one-point function.
2 Strings in linear dilaton background
String theory in flat space with a linear dilaton Φ = VµX
µ is based on the action [16]
SLD =
1
4πα′
∫
Σ
d2σ
√
g(gαβ∂αX
µ∂βXµ + α
′RVµXµ) + 1
2π
∫
∂Σ
dsKVµX
µ (2.1)
where gαβ is the intrinsic worldsheet metric in Euclidean signature, R is the Ricci scalar of
worldsheet Σ, and K is the extrinsic curvature of boundary ∂Σ. With the diffeomophism
and Weyl invariance fixed (assuming the central charge to be zero with the ghost sector
included), the metric can be set to the canonical form ds2 = dzdz¯. The energy momentum
tensor from action (2.1) is given as follows2
T (z) = − : ∂Xµ∂Xµ : +Vµ∂2Xµ (2.2)
T (z¯) = − : ∂¯Xµ∂¯Xµ : +Vµ∂¯2Xµ (2.3)
The corresponding Virasoro generators are modified to be
Lmatterm =
1
2
∞∑
n=−∞
: αµm−nαµn : +
i√
2
(m+ 1)V µαµm (2.4)
The central charge is modified to be c = c˜ = D + 6V 2 = 26, where D is the number of
spacetime dimensions and V 2 = VµV
µ. From the operator product expansion with energy
momentum tensor, conformal weight of all primary operators can be determined. For
example, the weight of bulk operator : eikX(z,z¯) : is
h =
k2
4
+ i
V µkµ
2
(2.5)
2From here on, we take the convention α′ = 1.
3
and the weight of boundary operator ⋆
⋆
eikX(y) ⋆
⋆
is
h = k2 + ikµV
µ (2.6)
The on-shell condition for closed strings is
Lclosed0 | phys >= (
P 2
4
+N +
i
2
VµP
µ − 1) | phys >= 0 (2.7)
which gives the physical state condition for bulk operators. The on-shell condition for open
strings is
Lopen0 | phys >= (P 2 +N + iVµP µ − 1) | phys >= 0 (2.8)
which gives the physical state condition for boundary operators. Then for the open string
light-like tachyon profile T = exp bX+, the corresponding vertex operator introduces the
worldsheet boundary interaction
Sint =
λ
2π
∫
∂Σ
dsebX
+
(2.9)
which describes the unstable brane at early X+ and its decays. The physical condition for
open string tachyon state results in bV + = 1 which is just the marginal condition for the
boundary interaction induced by the tachyon vertex operator. In order to avoid the force
on the brane, dilaton gradient is required to point along the unstable brane. We will work
in the light-cone coordinates
X± =
1√
2
(X0 ±X1) (2.10)
ds2 = −2dX+dX− + dX22 + ...+ dX2D−1 (2.11)
About the path integral formulism in linear dilaton background, there is a systematic review
in the appendix of [17]. For later convenience, we will review some known results of the
path integral formulism in the linear dilaton background. The linear dilaton background
modifies the correlation functions in two ways. First, it changes the worldsheet boundary
condition for the open string. When we derive the equations of motion from action (2.1),
the surface term from variation is
(∂nX
µ +KV µ) δXµ = 0 on ∂Σ (2.12)
where n is the normal vector of the boundary ∂Σ. Second, it modifies the momentum
conservation law. Consider the simplest boundary correlators
〈eik1X(y1)eik2X(y2)...eiknX(yn)〉Σ = iCXΣ (2π)DδD(Σkµi + iχΣV µ)
∏
1≤i<j≤n
|yi − yj|2kikj (2.13)
where CXΣ is some constant
CXΣ =
(∫
Σ
d2σg1/2
)D/2(
det′
−∇2
4π2
)−D/2
(2.14)
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and χΣ is the Euler character of the worldsheet Σ
χΣ =
1
2π
∫
∂Σ
dsK +
1
4π
∫
Σ
d2σg1/2R . (2.15)
3 Closed string emission
In this section, we discuss the D-brane decay process in a linear dilaton background. We
will compute the partition function in the closed string channel, extract its imaginary part
and discuss the various divergences in some asymptotic limits.
3.1 Partition function
The open string partition function in the closed string channel can be written as
Z(q˜) = 〈B|q˜L0−D−224 |B〉 (3.1)
where 〈B|, the boundary state, is a closed string state of ghost number 3, and has the
following properties. With a closed string state |V 〉 and the associated vertex operator V
in hand, the BPZ inner product 〈B|V 〉 is given by one-point function of V inserted at the
center of a unit disc D. The boundary condition on ∂D is the one associated with the
particular boundary CFT under consideration:
〈B|V 〉 ∝ 〈V (0)〉D (3.2)
The expression (3.1) can be factorized into light-cone directions part and space-like di-
rections part. We will first study the light-cone directions part in detail. Following the
procedure developed in [18], we can write down the light-cone directions partition function
Z±(q˜) = 〈B±|q˜L0−D−224 |B±〉 (3.3)
where 〈B±| is the boundary state of X± directions. According to the definition of the
boundary state specified above 〈B±| can be written as
〈B±| =
∫∞
0
dω
2pi
dω′
2pi
U(ω, ω′)〈ω| ⊗ 〈ω′| (3.4)
where 〈ω| and 〈ω′| are the so-called Ishibashi states [19]. U(ω, ω′) is the one point function
of eα+X
++α−X− on the disc. The operator eα+X
++α−X− should be dressed, so α+ = V+− iω
and α− = V− − iω′. Combining (3.3) and (3.4), we have
Z±(q˜) =
∫
dω
2π
dω′
2π
|U(α+, α−)|2χα+(q˜)χα−(q˜) (3.5)
where χαµ is the character
χαµ(q) = η
−1(q) q
(αµ−Vµ)2
4 (3.6)
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The closed string channel parameter q˜ and open string channel parameter q are defined as
q˜ = exp(−2πi/τ) = e−4t (3.7)
q = exp(2πiτ) = e−
π2
t (3.8)
As for the calculation of one point function U(α+, α−), we will use the technique developed
in [15] to work out the integral. In order to deal with the boundary term, Hellerman and
Schnabl fix the value of zero mode xµ of the embedding coordinate Xµ as a degree of
freedom in the boundary state wave-function. From the path integral point of view, this
amounts to fixing
xµ ≡ xµboundary ≡
1
2π
∫
∂D
dsXµ (3.9)
In our case, we will take V+ = 0 for convenience. Thus we do not need to fix the zero mode
of X+. About directions whose zero modes are fixed, the propagator is modified as follows
〈Xµ(z, z¯)Xν(z′, z¯′)〉 = xµxν + ηµνP (z, z¯; z′, z¯′) (3.10)
where
P (z, z¯; z′, z¯′) = −1
2
[
ln |z − z′|2 + ln |1− zz¯′|2] (3.11)
on the unit disc. Before continuing our discussion, we should make a clarification on two
kinds of normal-orderings. The bulk normal-ordering, denoted here by : :, subtracts only
the first logarithm in (3.11) which is
: Xµ(z, z¯)Xν(z, z¯′) :≡ Xµ(z, z¯)Xν(z′, z¯′) + 1
2
ηµν ln |z − z′|2 (3.12)
The boundary normal-ordering, denoted here by ⋆
⋆
⋆
⋆
, subtracts the full propagator (3.11)
which is
⋆
⋆
Xµ(z, z¯)Xν(z, z¯′) ⋆
⋆
≡ Xµ(z, z¯)Xν(z, z¯′) + 1
2
ηµν [ln |z − z′|2 + ln |1− zz¯′|2] (3.13)
In the following subsection, we will calculate the one-point function of the closed string
vertex operator Vα+,α− = e
α+X++α−X− on a unit disc D. Since zero mode of X+ direction
is not fixed, the one-point function can be written as
〈Vα+,α−〉 =
∫
dx+dx−DXˆ+DXˆ−δ
(
x− − 1
2π
∫
∂D
dsX−
)
e−S
±
eα+X
++α−X− (3.14)
where
S± = − 1
2π
∫
D
d2σ
√
ggαβ∂αX
+∂βX
− +
1
2π
∫
∂D
ds(V−X− + λebX
+
) (3.15)
Performing the perturbative expansion of the one-point function (3.14), we have
〈Vα+,α−〉 =
∫
dx+
∞∑
n=0
(−λ)n
n!
(
n∏
i=1
∫ 2pi
0
dti
2π
)
〈: eα+X++α−X−(z, z¯) :
n∏
i=1
⋆
⋆
ebX
+[ωi(ti)] ⋆
⋆
〉LD
(3.16)
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where the brackets on the right hand side represent the expectation value calculated in the
linear dilaton background. With the vertex operator placed at the origin, the one-point
function can be carried out from (3.16)
U(α+, α−) =
∞∑
n=0
(−λ)n
n!
∫ +∞
−∞
dx+ exp
[
(α+ − V+)x+ + (α− − V−)x− + nbx+
]
=
λ
iω
b
b
e−iω
′x−Γ(−iω
b
) (3.17)
and we obtain
|U(α+, α−)|2 = π
bω sinh piω
b
(3.18)
From formula (3.18), we find that |U(α+, α−)|2 only contains information from X+ direc-
tion. X− which decouples from X+ direction, has the same form |U |2 as other directions,
whose partition function can be calculated using the standard method. Now we only need
to calculate the partition function of X+ direction, which can be written as
Z+(q˜) =
∫
dω
2π
|U(α+, α−)|2χα+(q˜) (3.19)
The oscillating closed string characters can be expressed as a modular transformation of
non-oscillating open string characters [9]3
χα+(q˜) =
√
2
∫ +∞
−∞
dν cosh(2πων)χα′+(q) (3.20)
where α′+ = 2ν + iV+. With the help of equation (3.20), X
+ direction partition function
can be reduced to the following form
Z+(q˜) =
√
2
∫ +∞
−∞
dωdν
cosh(2πων)
2ωb sinh ω
b
χα′+(q) (3.21)
This expression has a double pole at ω = 0, which can be regulated by a subtraction
following the procedure of [18] [9]
Z+(q˜) =
√
2
∫ +∞
−∞
dωdν
(
cosh(2πων)
2ωb sinh ω
b
− 1
2ω2
)
χα′+(q) (3.22)
It is hard for us to work out this integral and we will analyze this integral in the limit
b → 0 and bω → 0. The limit describes the tachyon profile that varies slowly along the
X+ compared with itself. With reference to the result of [9], the integral (3.22) can be
expressed as
Z+(q˜) = 2
√
2πiη−1(q)
∞∑
n,m=0
e−[(n+
1
2
)b+(m+ 1
2
)/b]2 π
2
t (3.23)
3We would like to thank the authors of [9] for explaining the details on this point.
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Notice the formula (3.23) is valid only if the limits b → 0 and bω → 0 are taken on both
sides. We will not emphasize this point in the following formulas and conclusions. The
other part of partition function is
ZX
−+Xi+bc = Vp
∫
dD−1−pk⊥
(2π)D−1−p
q˜
k2⊥
4 η3−D(q˜)
=
N−2p Vp
2
√
2πt
∫
dpk‖
(2π)p
qk
2
‖η3−D(q) (3.24)
where Np is the normalization of the boundary state
Np = πD−44 (2π)D−24 −p (3.25)
Putting them together, we have
Z(q) = N 2pZX
−+Xi+bcZ+
=
iVp
t
∞∑
n,m=0
∫
dpk‖
(2π)p
qk
2
‖η2−D(q)e−[(n+
1
2
)b+(m+ 1
2
)/b]2 π
2
t (3.26)
The imaginary part is
ImZ(q) =
∞∑
n,m=0
Vp
t
(
t
4π3
) p
2
η2−D(q)e−[(n+
1
2
)b+(m+ 1
2
)/b]2 π
2
t (3.27)
Though our main results (3.26) and (3.27) are only valid in the limit specified above, we
can analyze its asymptotic behaviors and obtain some interesting results.
3.2 Closed string radiation and its divergences
Performing a modular transform on (3.27) and integrating over s = π2/t, we have
ImZ = Im
∫
dsZ
(
is
2π
)
= Vp
∞∑
n,m=0
∫ ∞
0
ds
s
η2−D( is
2pi
)
(4πs)
p
2
e−[(n+
1
2
)b+(m+ 1
2
)/b]2s (3.28)
Closed string radiation for time-like tachyon condensation process was computed in [7] [9].
From the appendix of [7] we can interpret the imaginary part of annulus diagram as the
average total number of closed string emission which can be expressed as
ImZ = N¯ (3.29)
where N¯ is the average total number of closed string emission.
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We will analyze the potential divergence of (3.28) for open string IR divergence (large
s) and UV divergence (small s). In the open string IR region, or equivalently s→∞ limit,
η( is
2pi
) has the following asymptotic behavior
η(
is
2π
) ∼ exp(− s
24
) (3.30)
from which we have
ImZ ∼ Vp
∫ ∞ ds
s
1
(4πs)
p
2
exp
(
− s
4b2
+
D − 2
24
s
)
(3.31)
The exponent is negative as long as b < 1√
4−V 2 , which can be obtained with the help of
D + 6V 2 = 26. In our setup, V 2 > 0 is satisfied since we have set V + = 0 for convenience
and taken the limit b→ 0. Combining the above conditions we have b < 1√
4−V 2 and there
is no IR divergence. As for open string UV region, or equivalently s → 0 limit, η( is
2pi
) has
the following asymptotic behavior
η(
is
2π
)2−D = (
s
2π
)
D−2
2 exp[
(D − 2)π2
6s
]
(
1 + (D − 2) exp(−4π
2
s
) + ...
)
(3.32)
where the ellipsis represents the high order term in s−1. From the asymptotic behavior
(3.32) we have
ImZ ∼ Vp
∞∑
n,m=0
∫
0
ds
s
1
(4πs)
p
2
(
s
2π
)
D−2
2
[
e
D−2
6s
pi2 + (D − 2)eD−266s pi2 + ...
]
e−[(n+
1
2
)b+(m+ 1
2
)/b]2s
(3.33)
The first term is from closed string tachyon which is uninteresting. Hence for D < 26,
there is no UV divergence in the open string channel as well.
4 Open string pair production
In this section, open string pair production in a linear dilaton background is calculated
and its asymptotic behavior is analyzed.
In the process of unstable D-brane decay, in general there will be open string pair
production on the brane because the hamiltonian of the system is time dependent. Some
aspects of open string pair production on unstable brane have been discussed in [20] [21]
[9]. Open string pair production behavior implies that the in and out vacua are not the
same. The vacuum decay amplitude is
W = −Re ln〈out|in〉 (4.1)
where the in and out vacuum are defined as
ain|in〉 = 0 = aout|out〉 (4.2)
9
Following the discussion of [9], we will work in an approximation in which the open strings
propagate freely on the brane so that amplitude (4.1) is a one loop computation. The in
and out vacua are related by a Bogoliubov transformation
|out〉 =
∏
k‖
(1− |γk‖|2)1/4e
− 1
2
γ∗k‖
(ain†
k‖
)2 |in〉 (4.3)
Using this relation, the vacuum decay amplitude can be written as
W
Vp
= −1
4
∑
N
∫
dpk‖
(2π)p
ln(1− |γk‖|2) (4.4)
where γk‖ is the Bogoliubov coefficient and k‖ is open string longitudinal spatial momentum
which satisfies
2ωω′ = k2‖ +N −
D − 2
24
(4.5)
It is conjectured in [22] that the Bogoliubov coefficient γ is related to the boundary two
point function of dressed open string operators. Since we want to analyze the large ω
behavior which is dominant, we can neglect the ω′ dependence. At large ω,
|γω|2 ∼
∣∣∣∣d(ω + iV+2 )
∣∣∣∣
2
(4.6)
In order to calculate the boundary two point function of operator e−iωX
++V+X+ , we fix the
zero modes of X i and X−, and set V+ = 0 for convenience. The two-point function can be
computed
〈e−iωX+(z,z¯)e−iωX+(z′,z¯′)〉 ∼ λ
2iω
b
b
exp(V−x−)Γ(
−2iω
b
) (4.7)
The norm of two point function
|d(ω)|2 ∼ π exp(2V−x
−)
2bω sinh(2piω
b
)
(4.8)
We would like to find the asymptotic behavior of (4.4) and (4.8) for large ω. It follows that
|d(ω)|2 ∼ ω−1e− 2πωb +O(ω0) (4.9)
The vacuum decay amplitude becomes
W
Vp
∼
∑
N
∫
dpk‖e
− 2πω
b ∼
∫
dωe2piω(
√
D−2
6
− 1
b
) (4.10)
The above exponent which describes the production of highly massive open string has the
divergent behavior similar to (3.31) which can be interpreted as the production of highly
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massive closed string. For b <
√
6
D−2 , there is no divergence in (4.10), and for b >
√
6
D−2 ,
there will be divergence in (4.10). Since D + 6V 2 = 26, the above open string asymptotic
behavior is consistent with the asymptotic behavior (3.31) in the closed string channel.
While deriving the asymptotic behavior (3.31), we do need to take the limit b→ 0 as well
as bω → 0. Hence considering the above consistence, it is natural to expect the result
(3.31) to extend beyond the limit b→ 0 and bω → 0.
5 Discussion and Conclusion
In this note we discuss the closed string emission from the light-like tachyon condensation
process which represents the inhomogeneous decay of unstable D-brane. We show that the
D-brane decay rate is UV finite, which gives some new insights into the light-like tachyon
condensation. In [15], Hellerman and Schnabl found a surprising difference in dynamics
between the time-like tachyon condensation and the light-like tachyon condensation in the
framework of the classical open string field theory. In the light-like case, the evolution of
tachyon is given by gradient flow rather than Hamiltonian dynamics as in the time-like
case. The gradient flow forces the tachyon to asymptote to the true vacuum at late times.
As a result, the tachyon matter problem does not exist in the light-like tachyon condensa-
tion case. This raise the question of the quantum correction to the above picture, which is
one of the motivations for this note. The intuitive picture is that the D-brane decays into
closed strings which then run away rather than is localized in the D-brane’s location as in
the time-like case. The result that the open string one-loop correction is finite shows that
the the classical picture of Hellerman and Schnabl remains valid under quantum correction
and the perturbation theory is reliable. That is to say the unstable D-brane decays into
closed strings before we are confronted with the strongly coupled theory.
We calculate the worldsheet partition function in the closed string channel using the
boundary state/σ-model method. In some region of parameter space, we find that the
D-brane decay rate is finite in the open string UV region and depends on tachyon profile
in the open string IR region. The physical meaning of b → 0 is that the tachyon profile
T = exp bX+ varies slowly along the X+ direction compared to itself. Recall that if we
recover the string length scale which has been set to one, we have T = exp bX+/√α′.
With these in hand, we can rewrite bω → 0 as ∂+T /T ≪ 1/ωα′, which implies that in the
emitted closed string scale the tachyon variation rate is small compared to itself. Roughly
speaking, the working limit in this note requires that the tachyon varies slowly along X+
direction compared to itself. In our setup the condition b≪ 1 is essentially different from
b = 0 since the marginal condition bV + = 1 forbids us to take the limit b = 0. So in the
light-like tachyon case, we can not obtain the constant dilaton background from the linear
dilaton background by adjusting the tachyon profile. This is another difference from the
time-like case. We arrive at a conclusion about closed string emission when taking the
limit as b → 0 and bω → 0. It is interesting to compute the imaginary part of partition
function beyond this limit.
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We also compute the open string pair production which has similar asymptotic be-
havior to the closed string radiation. This provides further evidence to the open string
completeness conjecture proposed in [8] [24], which suggests that the closed string chan-
nel calculation provides a dual description of the open string channel calculation. In the
light-like tachyon condensation process the underlying conformal field theory on the string
worldsheet is some cousin of boundary Toda theory which has richer content than Liouville
theory. However boundary Toda theory [25] [26] has not been well explored and needs to
be paid more attention in the future. We expect that the one-point function calculation of
this boundary Toda cousin in the appendix will give some insights to it.
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A Exact bulk one-point function
When we calculate open string partition function in section 3, we mainly focus on a two-
dimensional conformal field theory whose action is
S± = − 1
2π
∫
Σ
d2σ
√
ggαβ∂αX
+∂βX
− +
λ
2π
∫
∂Σ
dsebX
+
(A.1)
The X correlator on the unit disc is
〈Xµ(z, z¯)Xν(z′, z¯′)〉 = −η
µν
2
[
ln |z − z′|2 + ln |1− zz¯′|2]) (A.2)
where µ, ν = +,− and the nonvanishing components η+− = η−+ = −1. The action (A.1)
can be rewritten as
S± = − 1
4π
∫
Σ
d2σ
√
ggαβ
(
∂αX
0∂βX
0 − ∂αX1∂βX1
)
+
λ
2π
∫
∂Σ
dse
b√
2
(X0+X1)
(A.3)
This conformal field theory is some cousin of boundary Toda theory which has not been
well explored. In the subsection 3.1, we apply the technique developed by Hellerman and
Schnabl in [15] to carry out an approximate calculation of bulk one-point function in which
we fix the zero mode of field X rather than integrate it out. In this appendix, we intend to
calculate the bulk one-point function exactly. Though the exact bulk one-point function is
too complicated to be used in the brane decay calculation, it is heuristic and has its own
right in the conformal field theory. Following the procedure developed in [23] [22], we will
calculate the one-point function of closed string vertex operator V = eα+X
++α−X− on the
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unit disc where α+ = V+ − iω and α− = V− − iω′. We decompose X = x + Xˆ where x
is the zero mode of X , and Xˆ is the oscillation part of X . Under this decomposition, the
one-point function on the upper half-plane becomes
〈V 〉 = ∫ dx+dx−DXˆ+DXˆ−e 12π ∫Σ d2z(∂Xˆ+∂¯Xˆ−+∂Xˆ−∂¯Xˆ+)−λebx+2π ∫∂Σ dtebXˆ+
×eα+x++α−x−+α+Xˆ++α−Xˆ− (A.4)
After the zero modes are integrated out, (A.4) becomes
〈V 〉 = 2πδ(−iα−)(
λ
2pi
)−
α+
b Γ(α+
b
)
b
〈eα+Xˆ++α−Xˆ−(z, z¯)
n∏
i=1
∫
dtie
bXˆ+(ti)〉F (A.5)
=
2πδ(−iα−)( λ2pi )−
α+
b Γ(α+
b
)
b
|z − z¯|α+α−
n∏
i=1
∫
dti|z − ti|bα−|z¯ − ti|bα− (A.6)
where the subscript F denotes that the vacuum expectation value is calculated for the
free part of the action. About the formula (A.5), we have assumed −α+
b
= n to be some
integer, and the general correlator is then given by analytic continuation in n. In order to
calculate the integral, we transform the coordinate from the up half plane to the unit disc
by conformal transformation
ω =
t− z
t− z¯ ; t =
ωz¯ − z
ω − 1 (A.7)
In the unit disc coordinate, the one-point function of closed string vertex operator becomes
〈V 〉 = 2πδ(−iα−)(
λ
2pi
)−
α+
b Γ(α+
b
)
b
|z − z¯|α+α−
n∏
i=1
∫
dωi
(z − z¯)|z − z¯|2bα−
(ωi − 1)2|ωi − 1|2bα−
(A.8)
The integration part can be calculated directly
〈V 〉 = 2πδ(−iα−)Γ(
α+
b
)
b
(
λΓ(1 + 2iω′b)
(1 + 2iω′b)Γ(1 + iω′b)Γ(iω′b)
)−α+
b
|z − z¯|−α+b −α+α−
(A.9)
As a result the exact bulk one-point function is
U(α) =
2πδ(−iα−)Γ(α+b )
b
(
λΓ(1 + 2iω′b)
(1 + 2iω′b)Γ(1 + iω′b)Γ(iω′b)
)−α+
b
(A.10)
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